
 

FiniteDGrops
Let CG be a group

and X CG a subset

Let X a l x EX

Definition Exercise to check

The subgroup generated by X denoted gp x CG is the

set of alh.it ittons of elements in XV X used

For example it x y ze X x j E y c gpa
minimal subgroup of

Zemark
j G containing X

H C G a subgroup and CH gpcx CH

2 Similar to Spain x c where V is a vector space

31 Given KEG gp Ex xalaez

Titian
If I XCE 1 1 0 such that gp x G we say
G is finitelygenerated If I x EE such that gplea3 G

similar to being Finitewe say
G is cyclic dimensional in linear

algebra

Example

1Gt co G finitelygenerated

I t 74mg t are cyclic gp4131 2 gp lcm Igwe
Q 1 not finitelygenerated

Good exercise



Proposition G cyclic G Abelian

Zoot Given a b E 2 sea xb al b Ib a b ya
II

now Let G be a group and see G We say
is finite order it 3 me IN such that e

order of x

In this case and x minimal me IN such that x e
TOtherwise we

say chat x is infinite order ordex
so x e

Exainple
i E Thnz has order m l EE has infinite order

proposition xe G NEIN then x e ordGc In
Proof Assume x e and ordlxXn
RemainderTheorem u ford x r o rc order

e x x9 d cord 4 ar I x set

contradiction as o c r order xd x w

rd a In I ge IN such that u ford x

an 4 d cord44 et e
II

then It x E G is infinite order then gp x ICE 1

Pet

gpC x Escalate

Define the map 7 2 gp ex
a sea

I surjective by definition
Let a btZ and Fca Feb

b
sea x



b a b a e 1N and alb a
e a finite order

a b a be IN and a
ca b

e x finite order
Contradicts

a b 7 injective

Given a be 2 Fca tb I x xb Fca Feb
II

Theorem ordeal m gp Ex Eµ mz t7C E G

In particular oral x gp Ex

2 Let a b ER and a E band on

a b gun for some q E Z

sea alb 19M ab xm xb et xb

F The gp x3 is well defined

a sea

t surjective by definition
Let Ca Cb Kanz such that 1 Ca 1 Cb

rd x

ya xb Ia Y e m a b Ca Cb

I inject've

Given Ca Cb E Zanz

Fl Ca Cb 7 Cat b x
b

sea xb 7 Ca f Cb
II

corollary G cyclic G I Rt or GE Kluz t For MEIN

Proot G cyclic 3 x e G such tht gp Ex G

rd x me IN gp xD I Zanz G E Harz

dlx gpCx3 E Z GE K
II



Corollary Let tales Given E G ord a to xd x flay
In particular act e ht x E G

ordeal lgpa.gl Lagrange lgpk.gl 1G1

xd Cx 1Gt II

theorem 1Gt p a prime G E Hp c t

Proof Let x E G x e Up isomorphism there is only
one group of prime order

e x c gpa 1gpGxDl l

Lagrange lgpk.nl f p Igp 4 311 p gp ex G

G E Klpz 1

II

Es cyclic gp Ems

H C Z subgroup It me for some men

Given ke IN such tht k m there is a unique subgroup A

Zanz of order k Namely GP he c Zam z

For example gp 53 unique subgroup of Z

µ
452 57 order 4

Very
special property

of finite cyclic
groups


